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Abstract. We establish the existence of an entire solution for a class of stationary Schrodinger 
systems with subcritical discontinuous nonlinearities and lower bounded potentials that blow-up at 
infinity. The proof is based on the critical point theory in the sense of Clarke and we apply Chang's 
version of the Mountain Pass Lemma for locally Lipschitz functionals. Our result generalizes in a 
nonsmooth framework a result of Rabinowitz ^3] related to entire solutions of the Schrodinger equation. 
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1 Introduction and the main result 

The Schrodinger equation plays the role of Newton's laws and conservation of energy in classical me- 
chanics, that is, it predicts the future behaviour of a dynamic system. The linear form of Schrodinger's 
equation is 

877-^777 

A ^ + ^^ (E(x)-V(x))iP = 0, 

where ip is the Schrodinger wave function, m is the mass, h denotes Planck's constant, E is the energy, 
and V stands for the potential energy. The structure of the nonlinear Schrodinger equation is much 
more complicated. This equation describes various phenomena arising in: self-channelling of a high- 
power ultra-short laser in matter, in the theory of Heisenberg ferromagnets and magnons, in dissipative 
quantum mechanics, in condensed matter theory, in plasma physics (e.g., the Kurihara superfluid film 
equation). We refer to [71 114j for a modern overview, including applications. 
Consider the model problem 

ihip t = AV> + V»V> - 7H P " V inR N (N>2), (1) 

2m 

where p < 2N/(N — 2) if > 3 and p < +00 if N = 2. In the study of this equation Oh ^2] supposed 
that the potential V is bounded and possesses a non-degenerate critical point at x = 0. More precisely, 
it is assumed that V belongs to the class (V a ) (for some a) introduced in Kato ^0] • Taking 7 > and 
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h > sufficiently small and using a Lyapunov- Schmidt type reduction, Oh \1'2\ proved the existence of 
a standing wave solution of Problem ((Hi. that is, a solution of the form 

il)(x,t) = e- iEt/h u{x) . (2) 

Note that substituting the ansatz @ into Q leads to 

h 2 

An + (V(x) -E)u= \u\ p - l u . 

The change of variable y = H x (and replacing y by x) yields 

-Au + 2 (Vr(s) -E)u= \u\ p ' x u in , 

where Vn{x) = V(ftx). 

In a celebrated paper, Rabinowitz ^3] continued the study of standing wave solutions of nonlinear 
Schrodinger equations. After making a standing wave ansatz, Rabinowitz reduces the problem to that 
of studying the semilinear elliptic equation 



-Au + b(x)u = f(x, u) in 



under suitable conditions on b and assuming that / is smooth, superlinear and subcritical. 

Inspired by Rabinowitz' paper, we consider the following class of coupled elliptic systems in M> N (N > 

3): 

— Aui + a(x)ui = f(x, 111,112) in 
— Au2 + b(x)u2 = g(x, ui, U2) in R^. 



(3) 



We point out that coupled nonlinear Schrodinger systems describe some physical phenomena such 
as the propagation in birefringent optical fibers or Kerr-like photorefractive media in optics. Another 
motivation to the study of coupled Schrodinger systems arises from the Hartree-Fock theory for the 
double condensate, that is a binary mixture of Bose-Einstein condensates in two different hyperfine 
states, cf. [BJ. System (j3J) is also important for industrial applications in fiber communications systems 
jH] and all-optical switching devices [0]. 

Throughout this paper we assume that a, b E L^ C (W N ) and there exist a , b > such that a(x) > a , 
b{x) > b a.e. in M. N , and esslim| a ,|^ 00 a(x) = esslim| 1 .|_ >00 6(x) = +00. Our aim in this paper is to study 
the existence of solutions to the above problem in the case when /, g are not continuous functions. Our 
goal is to show how variational methods can be used to find existence results for stationary nonsmooth 
Schrodinger systems. 

Throughout this paper we assume that f(x, •, •), g(x, •, •) € L^ C (M. 2 ). Denote: 

f(x,t 1 ,t 2 ) = limessinf{/(j;,si,S2) ; \U — Si\ < 6 ; i = 1,2} 
S— >o 

f(x, ti,t 2 ) = lim esssup{/(x, si, s 2 ) ; |ij - Si\ < 8; i = 1, 2} 
5— >0 

g(x, ti, £2) = lim essinf{g(x, 81,82) ; \U — Sj| < d ; i = 1, 2} 
— S— >0 

g(x, h,t2) = lim esssup{g(x, s\, s 2 ) ; \U — Sj| < 5 ; i = 1, 2} . 
S— >0 
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Under these conditions we reformulate Problem (J3J) as follows: 

— Au\ + a(x)u\ G [fix, u\{x), U2{x)), f(x, ui(x), ^(x))] a.e. x G R N 
— Au 2 + b(x)u2 G [g(x,ui(x),U2{x)),~g(x,ui(x),U2(x))] a.e. x G IR"^ . 



(4) 



Let i/ 1 = H(R N , M 2 ) denote the Sobolev space of all U = («i 3 « 2 ) G (L 2 (M Ar )) 2 with weak derivatives 



= 1, . . . ,N) also in L< 



endowed with the usual norm 



1^11^ = J (\VU\ 2 + \U\ 2 )dx = y"(|Vm| 2 + \Vu 2 \ 2 + u\ + ul)dx. 



Given the functions a, b 



-> M. as above, define the subspace 
E = {U = (ui,u 2 ) G ; y (|Vni| 2 + \Vu 2 \ 2 + a(x)ul + b(x)ul) dx < +00} . 



Then the space E endowed with the norm 



becomes a Hilbert space. 

Since a(x) > a > 0, b(x) > b > 0, we have the continuous embeddings H 1 <— > L^M^R 2 ) for all 
2 < g < 2* = 2iV/(iV - 2). 

We assume throughout the paper that /, g : x M 2 — » IR are nontrivial measurable functions 
satisfying the following hypotheses: 



where p < 2* ; 



|/(x,t)| < C(|t| + \t\ p ) for a.e. (x,t) G I 
\g(x,i)\ < C(\t\ + \t\ p ) for a.e. (z,t) G R N 



N xR 2 



(5) 



limesssupj ^^l^ 1 ; (x,t) eR N x (-5,+5) 2 

lim esssup / M^l ; t)eR ff x (-5, +5) 2 
<5^o i 




0; 



/ and <? are chosen so that the mapping i 7 : 
Jo* 2 #( x > ^' r ) ^ r satisfies 



(6) 

defined by F(x, h,t 2 ) := Jq 1 / (x, r, t 2 ) dr + 



F(x,ti,t 2 ) = J g(x,ti,r)d,T + J f(x,T,Q)dr 


and F(x, ti,t 2 ) = if and only if t\ = t 2 = 0; 



(7) 
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there exists fi > 2 such that for any x G 



< fiF(x,t 1 ,t 2 ) < < 



ttf(x,t 1 ,t 2 ) + t 2 g(x,ti,t 2 ) 
hfixMM) + t 2 g(x,t 1 ,t 2 ) 
t 1 f(x,t 1 ,t 2 ) + t 2 g(x,ti,t 2 ) 
hf(x,h,t 2 ) + t 2 g(x,t 1 ,t 2 ) 



h,t 2 G [0,+oo) 

h G [0,+oo), t 2 G (-oo,0] 

*i,*2 G (-oo,0] 

h G (-oo,0], t 2 G [0,+oo) . 



(8) 



Definition 1. A function U = (ui,u 2 ) G E is called solution to the problem ^ if there exists a 
function W = {w\,w 2 ) G Z/^M^IR 2 ) such that 



(i) f(x,ui(x),u 2 (x)) < u>i(x) < f(x, u\(x), u 2 (x)) a.e. x in f w ; 
g(x, ui(x), u 2 (x)) < w 2 (x) < g(x,ui(x),u 2 (x)) a.e. x in 



(ii) J (Vni Vv\ + Vu 2 \Iv 2 + a(x)u\V\ + b{x)u 2 v 2 ) dx = j {w\V\ + w 2 v 2 ) dx, for all {v\,v 2 ) G E. 

R N R N 

Our main result is the following. 

Theorem 1. Assume that conditions 0) - |0) are fulfilled. Then Problem ^ has at least a nontrivial 
solution in E. 



2 Auxiliary results 

We first recall some basic notions from the Clarke gradient theory for locally Lipschitz functionals (see 
(3J0)] for more details). Let £ be a real Banach space and assume that / : E — > M is a locally Lipschitz 
functional. Then the Clarke generalized gradient is defined by 

dl( u ) = {£ G E*; I°{u,v) > (£,v) , for all v G E} , 

where I°(u,v) stands for the directional derivative of / at u in the direction v, that is, 

I(w + Xv) - I(w) 



I (u, v) = lim sup ■ 



Til — >U 

A\(] 



A 



Let Q be an arbitrary domain in M. . Set 



E Q =< U = (ui,u 2 ) G H 1 ^;!® 2 ) ; J (| V«i | 2 + |Vu 2 | 2 + a{x)u\ + b(x)ul) dx < +oo i 

n ) 



which is endowed with the norm 



\JT\\ 2 
\ U \\E n 



(|Vtii| 2 + |Vn 2 | 2 + a{x)u\ + b(x)u 2 ) dx . 



Then Eq becomes a Hilbert space. 
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Lemma 1. The functional ^/q : Eq — > M,^ / q([7) = J F(x, U) dx is locally Lipschitz on Eq. 

n 

Proof. . We first observe that 

U\ U2 112 HI 

F(x,U) = F(x,u l7 u 2 ) = J f{x,r,u 2 )dT + J g(x,0,r)dT = J g(x,u 1 ,T)dr + J f(x,T,0)dr 



is a Caratheodory functional which is locally Lipschitz with respect to the second variable. Indeed, by 



J f{x,T,t)dT < J C(\T,t\ + \T,t\ P )dT 



< fe(*l> s l>*)l*l - s ll 



Si Si 



\F{x,ti,t)-F(x, Sl ,t) 
Similarly 

\F(x,t,t 2 ) - F(x,t,s 2 )\ < k(t 2 ,s 2 ,t)\t 2 - s 2 \ . 

Therefore 

\F(x,ti,t 2 ) - F(x,si,s 2 )\ < \F(x,t!,t 2 ) - F(x,s 1 ,t 2 )\ + \F(x,tx,s 2 ) - F(x,s 1 ,s 2 )\ 

< k(V)\(t 2 ,s 2 ) - (ti,ai)|, 

where V is a neighbourhood of (ti,t 2 ), (si,s 2 ). 
Set 

Xi(x) = max{ui(x), t>i(x)} X2(x) = max{u2(x), v 2 (x)} for all x G $7 . 

It is obvious that if U = (u\,u 2 ), V = (vi,v 2 ) belong to Eq, then (xi,X2) G ^h- So, by Holder's 
inequality and the continuous embedding Eq C L p (f2;R 2 ), 

\*Cl(U) ~ *Cl(V)\ < C(|| X l,X2|kn)ll^ " y\\En , 

which concludes the proof. □ 

The following result is a generalization of Lemma 6 in . 

Lemma 2. Lei fi 6e an arbitrary domain in M> N and let f : f2 x R 2 — > R 6e a Borel function such that 
/(x,.) G Lj^ c (R 2 ). T/ien / and / are Borel functions. 

Proof. Since the requirement is local we may suppose that / is bounded by M and it is nonnegative. 
Denote by 

ti+^-t 2 +- i 

L n * n 1 

fm,n{x, h,t 2 ) = I / / \f(x,si,s 2 )\ m ds 1 ds 2 



1 n z n 



Since /(x, ii , £2) = lim esssup{/(x, s\,s 2 ) ; \U — Si\ < 5 ; i = 1, 2} we deduce that for every e > 0, there 
6— >0 

exists n G N* such that for \t{ — Sj| < - (i = 1,2) we have |esssup/(x, si, S2) — ,f(x, ii, £2)! < £ or, 
equivalently, 

/(x, £1, t 2 ) - e < esssup/(x, si, s 2 ) < /(x, *i, i 2 ) + e . (9) 
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By the second inequality in Q we obtain 

_ 1 

fix, s\, s 2 ) < fix, ti, t 2 ) + e a.e. x £ CI for |ij — sA < — (i = 1, 2) 

n 

which yields 

fm,n(x,h,t 2 ) < (7{x,h,t 2 ) + e)(yi/^j m • (10) 

Let 

A = |(si,s 2 ) € R 2 ; \U -si] < i (i = 1,2) ; J(x,t l ,t 2 ) - e< /(»,ai,s 2 )| • 
By the first inequality in © and the definition of the essential supremum we obtain that |^4| > and 

fm,n<(J j(f(x,s 1 , S2 )) m ds 1 ds 2 y >{f(x, Sl ,s 2 )-e)\A\ l / m . (11) 
Since (flO|) and (fTT|) imply 

f(x,h,t 2 ) = lim lim f m>n (x, h, t 2 ) , 



it suffices to prove that / mj „ is Borel. Let 

M = {/ : n x R 2 -> R; l/l < M and / is a Borel function} 

A/" = {/ € Af ; / m ,n is a Borel function} . 
Cf. 2, p. 178], Ai is the smallest set of functions having the following properties: 

(») {/ G C(fi x R 2 ;R); |/| < M} C A4; 

(m) /( fc ) e A4 and /(*) / imply f £ M. 

Since A/" contains obviously the continuous functions and (ii) is also true for N then, by the Lebesgue 
dominated convergence theorem, we obtain that M =M. For / we note that / = —(—/)) and the 
proof of Lemma [2 is complete. □ 

Let us now assume that Cl C R^ is a bounded domain. By the continuous embedding L p+l (Cl; R 2 ) <^-> 
L 2 (n; R 2 ), we may define the locally Lipchitz functional V n : L p+1 (fl; R 2 ) -» R by *n(!7) = J F(x, U) dx. 

h 

Lemma 3. Under the above assumptions and for any U £ L P+1 (J7;R 2 ), we /icwe 

5*n(^)(x) C [l(x,U(x))J(x,U(x))\ x f7(z)),5(x, U(x))\ a.e. x in Q , 

in the sense that if W = {wi,w 2 ) £ dV n (U) C L p+1 (ft;R 2 ) then 

l(x, U{x)) < wi{x) < J(x, U{x)) a.e. x in n (12) 
g(x,U(x)) < w 2 (x) <~g(x,U(x)) a.e.xinVL. (13) 
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Proof. By the definition of the Clarke gradient we have 

J (wivi + w 2 v 2 ) dx < ^q(U,V) for all V = (v 1: v 2 ) G L p+1 (ft;IR 2 ) 



n 

Choose V = (v,0) such that v € L p+1 (ft), v > a.e. in fi. Thus, by Lemma[21 

hi (x)+\v(x) 
I 

n \ h x (x) 



/ hi(x)+Xv(x) \ 

/( / f(x,T,h 2 (x))dx 



W\V < limsup 

n a\,o (14) 

hi (x)+Xv(x) 

< / ( limsup — / f(x,T,h 2 (x))dx< / /(x, iti(x), ii2(x))«(x) dx . 

Analogously we obtain 

/(x, iti(x), U2(x))v(x) < / w\vdx for all u > in (15) 



Arguing by contradiction, suppose that ((12)1 is false. Then there exist e > 0, a set A C £1 with 
|j4| > and w\ as above such that 

wi(x) >J(x,U(x))+e in A. (16) 

Taking v = 1a in <|14|) we obtain 



w\v dx = J w\dx < J f(x,U(x))dx, 
A A 

which contradicts (|16() . Proceeding in the same way we obtain the corresponding result for g in (|13|). 

□ 

By LemmaOl Lemma 2.1 in Chang [3] and the embedding Eq <^-> L p+1 (0,IR 2 ) we obtain also that 
for ^^^/f™ we have 

n 

<9*n(C/)(x) C [/(x, U(x))J(x, U(x))} x [#(x, E/(x)),£(x, U(x))] a.e. x G ft . 
Let V € E n . Then 7 6 B, where V" : — > M 2 is defined by 



V(x) x in f2 
otherwise . 



For W G E* we consider Wh G E* n such that (Wh,V) = (W, V) for all V in Eq. Set * : E 
ijf(U) = J F(x,U). 
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Lemma 4. Let W G dV(U), where U G E. Then W n G d^ n (U), in the sense that Wq G d^fQ(U\o) . 
Proof. By the definition of the Clarke gradient we deduce that (W, V) < ^°(U, V) for all V in Eq 

f (F(x,H + XV) - F(x,H))dx 
r , 0fTTfr s r V(H + XV)-*(H) M V 

^/ U (U, V) = hmsup — — - = hmsup - = 

H^U,HeE X H^U,HeE X 

A^O A^O 

J{F(x, H + XV)- F(x, H))dx J (F(x, H + XV) - F(x, H))dx 
limsup = limsup = ^q(U, V) . 

H^U,H£E X H->U,HeE n X 

A^O A^O 

Hence (Wn, V) < ^° n {U, V) which implies Wq G d^(U). □ 

By Lemmas and |U we obtain that for any W G d$>(U) (with U G E), Wq, satisfies (JT2J) and (JT3J). 
We also observe that for fi l5 fi 2 C R N we have WQ 1 \u 1 nn 2 = Wn 2 \n 1 nn 2 - 

Let W : R N -» M, where W (x) = W n {x) if x G fi. Then W is well defined and 

W (aO G [/(x,C/(x)),7(x,C/(x))] x ^(x,U(x)),g(x,^(x))] a.e. x G M N 
and, for all <^ G CfOR^R 2 ), (W, tp) = J W <p. By density of C™(NL N ,R 2 ) in £ we deduce that 



(W, V) = j W Vdx for all V in E. Hence 



W(x) = W (x) G [/(x, U(x))J(x, U(x))} x [ £ (x, I7(x)),p(x, U(x))} a.e. (17) 

3 Proof of Theorem [T] 

Define the energy functional 7 : E — > M 

J(C/) = iy (|Vui| 2 + |Vu 2 | 2 + a(x)n 2 + 6(x)^) dx - ^ F(x, 17) dx = i ||C/||| - *(C/) . (18) 

The existence of solutions to problem pj will be justified by a nonnsmooth variant of the Mountain- 
Pass Theorem (see [3]) applied to the functional 7, even if the PS condition is not fulfilled. More 
precisely, we check the following geometric hypotheses: 

7(0) = and there exists V G E such that I{V) < 0; (19) 
there exist /?,/>> such that 7 > on {U G E; \\U\\ E = p}. (20) 

Verification of (J19j) . It is obvious that 7(0) = 0. For the second assertion we need the following 
lemma. 

Lemma 5. There exist two positive constants C\ and C2 such that 

f(x,s,0) >C lS »- 1 -C 2 for a.e. x G R N ; s G [0,+oo). 
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Proof. We first observe that (JSJ) implies 

< p,F(x,s,0) < 



sf(x,s,0) s G [0,+oo) 
sf(x,s,0) s 6 (—oo,0], 



which places us in the conditions of Lemma 5 in . 

Verification of (|T§|) continued. Choose i> G C^R^) - {0} so that v > in R^. We have 
J" |Vv| 2 + a(x)v 2 < oo, hence i(i>,0) € 2? for all isR. Thus by Lemma|2]we obtain 



tc 



l(t(v,0)) = l - J \Vv\ 2 + a{x)v 2 dx- J J f(x,T t 0)dr 

R N R N 

2 ^ 

< J J \ Vv \ 2 + a(x)v 2 dx - J J {C^- 1 - C 2 ) dr 

R N R N 

= — j \Vv\ 2 + a(x)v 2 dx + C 2 t J vdx-C'^ j dx < 



for t > large enough. 

Verification of (|20|) . We observe that ©, © and © imply that, for any e > 0, there exists a 
constant A £ > such that 

uy,M ~ 11 eM for a.e. (x, s) G R x R . (21) 

\g(x,s)\ < e\s\ +A e \s\ p 

By (|21|) and Sobolev's embedding theorem we have, for any U £ E, 

\ui\ u 2 



MU)\ =|*(U1,«2)|< J j \\f(x,T,U 2 )\dT+ J J\g(x,0,T)\dT 



RN RN 

< / \-\{u l ^ 2 )\ 2 + ^ i \(u ll u 2 \ P+ ') dx + j (£|n 2 | 2 + -^ T |n 2 r 1 ) dx 



24 

^ e \\U\\h + ^ll^llKi ^ eC 3||C/||| + c 4 \\u\\ p E +1 , 

where e is arbitrary and C4 = C^{e). Thus 

= " *W >\\W\?e- eC,\\U\\l ~ C4U\\ P ^ >f3>0, 

for ||E/||b = p, with p, e and /3 sufficiently small positive constants. 
Denote 

V = {7 G C([0, 1], 7(0) = 0, 7(1) / and J( 7 (l)) < 0} 

and 

c = inf max I(^/(t)) . 
jePte[0,i] 
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Set 



\l(U)= mm U\\ E * 
tedi(U) 



Thus, by the nonsmooth version of the Mountain Pass Lemma there exists a sequence {Um} C E 
such that 

I(U m )^c and Xi(U m )^0. (22) 
So, there exists a sequence {W^m} C d^(U m ); W m = (wj n ,w^ n ) such that 

(-AmJ, + a{x)u X m - W^, - A «m + °>{ x ) u m ~ w m) ~* m • ( 2 3) 

Note that, by ©, 

1 ' - I J Ui{x)f[x,U)dx+ J ui(x)J(x, U)dx + / u 1 [x)g{x,U)dx + / ii 2 (.r)n{.r.U)cl.r 

ll>0 Mi<0 M2>0 «2<0 

Therefore, by (fTTj) . 

/ E/(a;)W(a;) dx = - [ (uiwx + u 2 w 2 ) dx , 
V J V J 

R N R N 

for every U € E and W € d^{U). Hence, if (-,•) denotes the duality pairing between E* and E, we 
have 

I{U m ) = J (|V<J 2 + \Vu m \ 2 + a^)^™! 1 + b{x)\u m \ 2 ) dx+ 

^ R N 

-({- Aul m + fl (^i, - "4, ~ Au m + K x ) u m ~ W*J, U m ) + 
1 ix 2 f 

-(W m , U m ) - 9(U m ) > ^— / (|Vn^| 2 + \Vu 2 m \ 2 + a{x)\u l m \ 2 + b{x)\u 2 m \ 2 ) dx+ 
1 RJV 2 

-((- A ^m + a(a?)«m - «>m> ~ Aw m + K^m ~ *0, ^m) > -= \\U m \\ 2 E ~ o(l)\\U m \\ E . 

[I 2/J, 

This relation in conjunction with 1)22(1 implies that the Palais-Smale sequence {U m } is bounded in E. 
Thus, it converges weakly (up to a subsequence) in E and strongly in L 2 oc (M. N ) to some U. Taking into 
account that W m € d^{U m ) and U m U m E, we deduce from (|2*H|) that there exists W & E* such 
that W m ^W'mE* (up to a subsequence). Since the mapping U i — ► F(x,U) ia compact from E 1 to 
L 1 , it follows that E o>#(17). Therefore 

e [f{x, U{x))J{x, U(x))} x [g(x, U(x)),g(x, U(x))] a.e. x in R N 

and 

(-An*, + a(s)it*, - w l m , -ku 2 m + fc^m - w 2 m ) = 
J (VuiVfi + V^Vi^ + a(x)u\V\ + b(x)u2V2)dx = J (wivi + w 2 v 2 )dx for all (v\, v 2 ) £ E. 
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These last two relations show that U is a solution pf the problem 

It remains to prove that [7^0. If {W m } is as in (J23J), then by (jSJ), lfT7j). (JUJ) and for large m 

c 1 

- < I(f7m) - -((-Ai4 + a(x)u^ -w m ,-A?4 + - u&),l7 m ) = 

i<W TO , C/ m ) - / F(x, C/ m ) < (24) 



2 

ui(x)f(x,U)dx+ J ui(x)f(x,U)dx+ J u\{x)g(x,U)dx + J u-2(-r)Jj{.r.U)d.v 

J1>0 M1<0 «2>0 M 2 <0 



Now, taking into account the definition of /, f ,g, g we deduce that /, /, g, g verify p9|). too. So by 
(|2H) we obtain 



l< J {e\U m \ 2 + A £ \u m \ p+l ) 



fWjj II 2 ,, _l A \\TJ UP+ 1 



So, {U m } does not converge strongly to in L P+1 (R N ; R 2 ). From now on, a standard argument implies 
that U zjk 0, which concludes our proof. □ 
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